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Abstract. The Lagrangian description of mechanical systems and the Le-
gendre Transformation (considered as a passage from the Lagrangian to the
Hamiltonian formulation of the dynamics) for point-like objects, for which the
infinitesimal configuration space is TM , is based on the existence of canon-
ical symplectic isomorphisms of double vector bundles T∗TM , T∗T∗M , and
TT
∗
M , where the symplectic structure on TT∗M is the tangent lift of the
canonical symplectic structure T∗M . We show that there exists an analogous
picture in the dynamics of objects for which the configuration space is ∧nTM ,
if we make use of certain structures of graded bundles of degree n, i.e. objects
generalizing vector bundles (for which n = 1). For instance, the role of TT∗M
is played in our approach by the manifold ∧nTM∧nT∗M , which is canonically
a graded bundle of degree n over ∧nTM . Dynamics of strings and the Plateau
problem in statics are particular cases of this framework.
1. Introduction. This work is an account of a research undertaken jointly with
W. M. Tulczyjew on the Legendre transformation in the dynamics of strings. Let us
recall structures which are involved in the Legendre transformation for the dynamics
of point-like objects, i.e. when the motion is given by a one-dimensional submanifold
(parametrized or not) in the configuration manifold M . An infinitesimal piece of
motion is a tangent vector and a system is described by a Lagrangian, i.e. a function
(constrained or not) on TM . The geometric content of Lagrangian and Hamiltonian
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formulation of the dynamics is contained in the following diagram.
T
∗
T
∗M
✠✠
✠✠
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✠✠
✠✠
✠
""❋
❋❋
❋❋
❋ TT
∗M
αM //βMoo
☛☛
☛☛
☛☛
☛☛
☛☛
☛
!!❉
❉❉
❉❉
T
∗
TM
☛☛
☛☛
☛☛
☛☛
☛☛
☛
!!❉
❉❉
❉❉
TM
☛☛
☛☛
☛☛
☛☛
☛☛
☛
TM
☞☞
☞☞
☞☞
☞☞
☞☞
☞
oo // TM
☞☞
☞☞
☞☞
☞☞
☞☞
☞
T
∗M
##●
●●
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❋ T
∗M
""❋
❋❋
❋❋
❋
M M //oo M
. (1)
The dynamics is a subset of TT∗M , which can be transported either to T∗TM
(Lagrangian side) or to T∗T∗M (Hamiltonian side). The top elements in the di-
agram are certain canonical double vector bundles over TM and T∗M . A double
vector bundle is, roughly speaking, a manifold with two compatible vector bundle
structures, i.e. two vector bundle structures whose Euler vector fields commute (see
Section (4)).
The mappings βM and αM are double vector bundle isomorphisms. Beside be-
ing double vector bundles, each of the manifolds: T∗T∗M, T∗TM , and TT∗M
is, in a canonical way, a symplectic manifold. The bundles T∗T∗M, T∗TM carry
the canonical symplectic structures of cotangent bundles and TT∗M is equipped
with the tangent lift dTωM of the canonical symplectic form ωM on T
∗M . With
these symplectic structures, βM and αM are symplectomorphisms (cf.[41, 42, 44]).
The mapping βM is given by the contraction of the canonical symplectic form on
T
∗M . The mapping αM can be defined as the composition of βM with the canon-
ical isomorphism of T∗TM and T∗T∗M . This is a particular case of a canonical
isomorphism T∗E ≃ T∗E∗ for any vector bundle E. However, it is more appro-
priate to introduce αM as the map dual to the canonical flip κM : TTM → TTM ,
which interchanges the canonical and the tangent projections onto TM . The dual
to the bundle τTM : TTM → TM is of course πTM : T
∗
TM → TM and the dual
to TτM : TTM → TM can be identified with TπM : TT
∗M → TM . The pairing
related to this identification is the complete lift
dTδM : T(TM ×M T
∗M) = TTM ×TM TT
∗M → R (2)
of the canonical pairing δM : TM ×M T
∗M → R. For more details see [29], [32],
[36], [45], and [47]. Similar constructions in the context of field theory one can find
e.g. in [15, 16, 19], while the algebroid version is discussed in [17, 18, 20].
In the following, we shall give similar constructions, motivated by the study of dy-
namics of one dimensional, non-parametrized objects (called frequently strings), in
which the bundle ∧2TM of tangent bivectors replaces TM . The ‘time-evolution’ of
a string adds one dimension, so the motion of a system is given by a two-dimensional
submanifold in the manifoldM . An infinitesimal piece of the motion is the jet of the
submanifold which for first-order theories it is the first jet. We immediately realize
that, for this choice of infinitesimal motions, the infinitesimal action (Lagrangian)
is not a function on first jets, but a section of certain line bundle over first jets
manifold, the dual bundle of the bundle of ”first jets with volumes”. This leads to
essential complications even in one dimensional case (relativistic particle), see [34]
and an alternative approach in [39].
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A compromise is to take for the space of infinitesimal pieces of motions the space
of simple non-zero 2-vectors. Such 2-vectors represent first jets of 2-dimensional
submanifolds (being 2-dimensional subspaces in tangent spaces) together with a
volume which should be taken so that it takes the value 1 on the 2-vector. It is
convenient to extend this space to all 2-vectors, i.e. to the vector bundle ∧2TM .
In this setting, a Lagrangian is a positive homogeneous function on ∧2TM (thus
the action functional does not depend on the parametrization of the surface) and
the corresponding Hamiltonian (if it exists) is a function on the dual vector bundle
∧2T∗M . The dynamics should be an equation (possibly implicit) for 2-dimensional
submanifolds in the phase space, i.e. a subset D in ∧2T ∧2 T∗M . A surface S
in the phase space ∧2T∗M is a solution for the phase dynamics if and only if its
tangent space at ω ∈ ∧2T∗M is represented by a bivector from Dω. If we use a
parametrization, then the tangent bivectors associated with this parametrization
must belong to D.
We realize immediately, that some of the tools, suitable for point-like objects,
here are not adequate. On one hand, T∗ ∧2 T∗M and T∗ ∧2 TM are symplectic
manifolds with double vector bundle structures, but it is not true for ∧2T∧2 T∗M .
In general, for a vector bundle τ : E → N , the fibration ∧2Tτ : ∧2 TE → ∧2TN is
not a vector bundle. Moreover, we do not have an identification of ∧2T(E ×N F )
with ∧2TE ×∧2TN ∧
2
TF and the total derivative dT seems to be useless. Stressing
once more: an evolution of a string in M is a surface in M and the (implicit) phase
dynamics of the string is represented by a collection of ‘infinitesimal surfaces’ in the
phase space, i.e. by a subset of ∧2T ∧2 T∗M .
To obtain the dynamics, we use the canonical multisymplectic 3-form ω2M on
∧2T∗M , which gives, by the contraction, canonical morphism β2M : ∧
2
T∧2T∗M →
T
∗∧2T∗M . We can replace the total derivative dT by its ”higher analogue” d
2
T
, and
the bundle ∧2T∧2T∗M by its quotient bundlemodulo its subbundle V2∧2T∗M of 2-
vertical vectors. These are the ideas we owe to W. M. Tulczyjew. What is more, the
bundle ∧2T∧2T∗M can be viewed as double graded bundle in the sense of Grabowski
and Rotkiewicz [22], so we get a picture completely analogous to (1) except for the
fact that the morphisms are not isomorphisms. In this sense, our geometric approach
to classical strings is based on morphisms of double graded bundles, although the
canonical multisymplectic structure is behind. Let us note also that the graded
bundles appear in the supergeometric context under the name graded manifolds
or N-manifolds [38, 40, 48], in particular in the Roytenberg’s picture for Courant
algebroids [38].
We want to stress that our framework is completely covariant and, what is more,
not reduced to derivation of the Euler-Lagrange equations. We present the full
picture, determining the phase space and the phase equations as the meeting point
of the Lagrange and the Hamilton formalisms, subject to the corresponding Legendre
transformation. The equations are obtained purely geometrically by means of the
morphisms in the triple from the lagrangian submanifolds generated by Lagrangians
or Hamiltonians. In particular, on the Hamiltonian side we do not use, at least
explicitly, any Poisson brackets.
Note finally that classical field theory is usually associated with the concept of
a multisymplectic structure. The multisymplectic approach appeared first in the
papers of the ‘Polish school’ [10, 26, 27, 43]. Then, it was developed by Gotay,
Isennberg, Marsden, and others in [13, 14]. The original idea of the multisymplectic
structure has been thoroughly investigated and developed by many contemporary
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authors, see e.g. [2, 4, 5, 7, 8]. The Tulczyjew triple in the context of multisymplectic
field theories appeared recently in [3] and [31] (see also [46]). A similar picture,
however with differences on the Hamiltonian side, one can find in [11] (see also
[12, 30]) and many others; it is not possible to list all achievements in this area.
As we use the canonical multisymplectic form on ∧nT∗M , the prototype of all the
abstract definitions of such structure, our paper can be viewed also as an attempt
to start again the discussion about what is the reasonable concept of an abstract
multisymplectic structure (cf. [2, 9, 25, 35]). We want to undertake this discussion
in a separate paper.
2. Notation and local coordinates. Let M be a smooth manifold. We denote
by τM : TM →M the tangent vector bundle and by πM : T
∗M →M the cotangent
vector bundle. Let τ : E →M be a vector bundle and π : E∗ →M the dual bundle.
We use the following notations for tensor bundles:
τ⊗k : E ⊗M · · · ⊗M E = ⊗
k
M (E) −→M,
τ∧k : E ∧M · · · ∧M E = ∧
k
M (E) −→M,
the modules of sections over C∞(M):
⊗k (τ) = Γ(⊗kM (E)) , Φ
k(τ) = Γ(∧kM (E)) , (3)
and the corresponding tensor algebras
⊗ (τ) = ⊕k∈Z ⊗
k (τ) , Φ(τ) = ⊕k∈ZΦ
k(τ) . (4)
In particular,
⊗0(τ) = Φ0(τ) = C∞(M)
and
⊗k(τ) = Φk(τ) = {0} for k < 0.
For a differentiable mapping Ψ: M → N , there are defined higher tangent maps
⊗kTΨ: ⊗k TM → ⊗kTN , ⊗kTΨ(v1 ∧ · · · ∧ vk) = TΨ(v1)⊗ · · · ⊗ TΨ(vk)
and
∧kTΨ: ∧k TM → ∧kTN , ∧kTΨ(v1 ∧ · · · ∧ vk) = TΨ(v1) ∧ · · · ∧ TΨ(vk) .
By V(E) we denote the subbundle of tangent vertical vectors:
V(E) = {v ∈ TE : Tτ(v) = 0}.
We introduce also the bundle V1(E) of 1-vertical bivectors
V
1(E) = {u ∈ ∧2TE : ∧2 Tτ(u) = 0}
and its subbundle of 2-vertical bivectors
V
1(E) ⊃ V2(E) = {u ∈ ∧2TE : u ∈ ∧2EV(E)}.
Let (xµ), µ = 1, . . . , n, be a coordinate system in M . We introduce the induced
coordinate systems
(xµ, x˙ν) in TM,
(xµ, pν) in T
∗M,
(xµ, x˙νλ) in ∧2 TM,
(xµ, pνλ) in ∧
2
T
∗M .
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Formally, we should take only ν < µ, but we can use all pairs of indices, assum-
ing pµν = −pνµ and x˙
µν = −x˙νµ. With this convention, we have the following
representation of bivectors and bi-covectors:
1
2
x˙µν
∂
∂xµ
∧
∂
∂xν
,
1
2
pµν dx
µ ∧ dxν . (5)
Let τ : E →M be a vector bundle and let (xµ, ea) be an affine coordinate system on
E, consisting of basic functions xµ (constant along fibers) and functions ea linear
along fibers. We introduce the adapted coordinate systems
(xµ, ξa), in E
∗,
(xµ, ea, x˙ν , e˙b) in TE,
(xµ, ξa, x˙
ν , ξ˙b) in TE
∗,
(xµ, ea, pν , πb) in T
∗E,
(xµ, ξa, pν , ϕ
b) in T∗E∗.
In TTM , we use the coordinates (xµ, x˙ν , x′
λ
, x˙′κ). Vectors on ∧2TM and ∧2T∗M
read
T ∧2 TM ∋ v = x′
µ ∂
∂xµ
+
1
2
x˙′µν
∂
∂x˙µν
,
T ∧2 T∗M ∋ v = x˙µ
∂
∂xµ
+
1
2
p˙µν
∂
∂pµν
,
(6)
where
x˙′µν = −x˙′νµ, p˙µν = −p˙νµ,
∂
∂x˙µν
= −
∂
∂x˙νµ
,
∂
∂pµν
= −
∂
∂pνµ
.
Consequently, the following representations of bivectors will be used:
∧2 TE ∋ u =
1
2
x˙µν
∂
∂xµ
∧
∂
∂xν
+ yµa
∂
∂xµ
∧
∂
∂ea
+
1
2
e˙ab
∂
∂ea
∧
∂
∂eb
,
∧2TTM ∋ u =
1
2
x˙µν
∂
∂xµ
∧
∂
∂xν
+ yµν
∂
∂xµ
∧
∂
∂x˙ν
+
1
2
zµν
∂
∂x˙µ
∧
∂
∂x˙ν
, (7)
∧2T ∧2 T∗M ∋ u =
1
2
x˙µν
∂
∂xµ
∧
∂
∂xν
+
1
2
yµνλ
∂
∂xµ
∧
∂
∂pνλ
+
1
8
p˙µνλκ
∂
∂pµν
∧
∂
∂pλκ
,
where
yµνλ = −y
µ
λν , p˙µνλκ = −p˙νµλκ = −p˙µνκλ = −p˙λκµν .
For each k, we define a canonical k-form θkM on ∧
k
T
∗M by the formula
θkM (v1, . . . , vk) = p(Tπ
∧k
M v1, . . . ,Tπ
∧k
M vk),
where vi ∈ Tp ∧
k
T
∗M and π∧kM : ∧
k
T
∗M → M is the canonical projection. The
form θkM is called the Liouville k-form and its exterior differential ω
k
M = dθ
k
M is the
canonical multisymplectic form on ∧kT∗M .
In local coordinates, the Liouville 2-form on ∧2T∗M is given, by the formula
θ2M =
1
2
pµν dx
µ ∧ dxν ,
and the canonical multisymplectic 3-form reads
ω2M = dθ
2
M =
1
2
dpµν ∧ dx
µ ∧ dxν .
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3. Some important differential operators. The total derivative (the complete
lift) dT on a manifold N is a graded derivation of degree 0 from Φ(πN ) to Φ(πTN )
with respect to the pull-back homomorphism τ∗N : Φ(πN ) → Φ(πTN ) (see [36]). A
standard definition is given by the graded commutator dT = iT d+diT, where iT is
a derivation iT : Φ(πN )→ Φ(πTN ) of degree -1, defined by the formula
iT ϕ(v1, v2, v3, . . . , vp−1) = ϕ(u,TτN (v1), . . . ,TτN (vp−1)) ,
where vi ∈ TuTN . By analogy, we define (cf. [1]) a graded differential operator
d2
T
: Φ(πN )→ Φ(π∧2TN )
of degree -1 as the graded commutator
d2
T
= d i2
T
− i2
T
d (8)
where i2
T
is a graded differential operator of degree -2
i2
T
: Φ(πN )→ Φ(π∧2TN )
: Φp(πN )→ Φ
p−2(π∧2TN ),
(9)
defined by the formula
i2
T
ϕ(v1, v2, v3, . . . , vp−2) = ϕ(u,Tτ
∧2
N (v1), . . . ,Tτ
∧2
N (vp−2)) , (10)
for vi ∈ Tu ∧
2
TN , u ∈ ∧2TN .
It is obvious that dT commutes (in the graded sense) with the exterior derivative:
dd2
T
= d(di2
T
− i2
T
d) = − d i2
T
d+ i2
T
dd = −(di2
T
− i2
T
d) d= − d2
T
d . (11)
In local coordinates, for a 1-form ϕ = ϕµ dx
µ, we have i2
T
ϕ = 0 and
d2
T
ϕ = − i2
T
dϕ = − i2
T
(
1
2
(
∂ϕµ
∂xν
−
∂ϕν
∂xµ
)
dxν ∧ dxµ
)
=
∂ϕµ
∂xν
x˙µν . (12)
It is easy to see that, for a differentiable mapping Ψ: M → N ,
i2
T
Ψ∗ =
(
∧2TΨ
)∗
i2
T
,
d2
T
Ψ∗ =
(
∧2TΨ
)∗
d2
T
,
(13)
and that a p-form α, p > 1, on N is closed if and only if
α˜∗ωp−2N = d
2
T
α , (14)
where
α˜ : ∧2 TN → ∧p−2T∗N : v 7→ α(v, ·)
and ωp−2N is the canonical (p− 1)-form on ∧
p−2
T
∗N . These properties correspond
to known properties of iT and dT ([23]).
4. Double vector bundles. A double vector bundle is a manifold with two com-
patible vector bundle structures. The compatibility conditions, in its original for-
mulation (see [29, 37]) are complicated, but in a recent work [21] one can find a very
simple formulation of the compatibility condition. It is based on the observation
that a vector bundle structure is encoded in its Euler vector field or, equivalently,
in a multiplicative monoid R>0 = {r ∈ R : r > 0} action on the total vector bun-
dle manifold. In local coordinates, the Euler vector field XE for a vector bundle
τ : E →M is given by
XE = e
a ∂
∂ea
.
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A vector bundle morphism ϕ : E → F is characterized by the property TϕXE(e) =
XF (ϕ(e)) for each e ∈ E. Two vector bundle structures are compatible if the corre-
sponding Euler vector fields commute (equivalently, the monoid actions commute).
A manifold with two compatible vector bundle structures is called a double vector
bundle. A double vector bundle structure on a manifold K is represented by the
commutative diagram of vector bundle morphisms:
K
τl
~~⑤⑤
⑤⑤
⑤⑤
⑤ τr
!!❇
❇❇
❇❇
❇❇
El
τ¯r   ❇
❇❇
❇❇
❇
Er
τ¯l}}⑤⑤
⑤⑤
⑤⑤
⑤
M
. (15)
For a double vector bundle, a zero section of one vector bundle structure is a sub-
bundle of the second one. The projection of one vector bundle structure is a vector
bundle morphism for the second one. In other words, the pairs (τr , τ¯r) and (τl, τ¯l)
are vector bundle morphisms. The intersection of kernels of vector bundle projec-
tions τr , τl is a vector bundle over M , called the core of the double vector bundle.
In other words, the core is a submanifold, where two Euler fields coincide.
A mapping of double vector bundles is a double vector bundle morphism if it is
a vector bundle morphism for both vector bundle structures. It follows that the
image of the core of the domain is contained in the core of the co-domain. Note
that the tangent and cotangent bundle of a vector bundle carry canonical double
vector bundle structures.
Example 1. Let τ : E → M be a vector bundle with the Euler vector field XE .
The manifold TE has two vector bundle structures with Euler vector fields
XTE = x˙
µ ∂
∂x˙µ
+ e˙a
∂
∂e˙a
(the vector bundle structure of τE : TE → E)
and
X1
TE = e
a ∂
∂ea
+ e˙a
∂
∂e˙a
(the vector bundle structure of Tτ : TE → TM).
The core is the vector bundle of vertical vectors at the zero section of E (ea =
0, x˙µ = 0).
Example 2. Less obvious is a double vector bundle structure in T∗E with Euler
vector fields
X
T
∗E = pµ
∂
∂pµ
+ πa
∂
∂πa
(the vector bundle structure of πE : T
∗E → E)
and
X1
T
∗E = e
a ∂
∂ea
+ pµ
∂
∂pµ
(the vector bundle structure of T∗τ : T∗E → E∗) .
The core is the bundle of co-vectors at the zero section, vanishing on vertical vectors
(ea = 0, πa = 0). It can be identified with T∗M .
A double vector bundle has its dual vector bundles with respect to the right and
to the left vector bundle structures. It appears that right and left dual bundles are
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also double vector bundles. For a double vector bundle (15) with the core bundle
C, the diagram for the right dual looks as follows
K∗r
πl
}}④④
④④
④④
④④ πr
!!❉
❉❉
❉❉
❉❉
❉
Er
τ¯r
!!❉
❉❉
❉❉
❉❉
E∗l
OO
C∗
τ¯l||③③
③③
③③
③③
M
. (16)
E∗l is the core of K
∗r . For details see [29].
Remark 1. The Euler vector fields X1
TE and X
1
T
∗E
can be covariantly described,
respectively, as the tangent and the phase lift of the Euler vector field X = ea ∂
∂ea
of the vector bundle E. For details we refer to [21].
5. Bundle structures on bivectors. A vector space (vector bundle) structure is
uniquely determined by the Euler vector field, however it can be also introduced by
a pairing, i.e. by constructing the space of linear functions. We use this method to
discuss vector bundle structures related to the fibration ∧2TE over ∧2TM . In the
next section we shall discuss also the Euler vector field approach.
It is easy to realize that the fibration ∧2TE → ∧2TM is not a canonical vec-
tor bundle structure. We will show that such structure exists in the quotient
∧2TE
/
V
2(E). In order to find a proper pairing, we begin with a co-vector val-
ued pairing.
Let τ : E →M and ζ : F →M be vector bundles and let
δ : E ×M F → T
∗M
be a bilinear vector bundle mapping. δ can be considered a semi-basic 1-form on
E ×M F . In local coordinates,
δ = δµai(x)e
af i dxµ,
where (xµ, ea), (xµ, f i) are coordinates on E, F respectively and δµai are functions
on M . Using the formula (12) and coordinates as in (7), we obtain local expression
for the function
d2
T
δ : ∧2 T(E ×M F )→ R ,
namely
d2
T
δ = − i2
T
(
∂δµai
∂xλ
eaf i dxλ ∧ dxµ + δµaie
a df i ∧ dxµ + δµaif
i dea ∧ dxµ
)
=
1
2
(
∂δµai
∂xλ
−
∂δλai
∂xµ
)
x˙µλeaf i − δµai(e
ayµi + f iyµa).
(17)
We see that this formula does not contain double-vertical forms dea∧deb, dea∧df i,
and df i ∧ df j . It follows that the function d2
T
δ can be projected to a function on
∧2T(E ×M F )
/
V
2(E ×M F ). The projected function we denote with d¯
2
T
δ.
Remark 2. Let τ : V →M be a fibration. A form ϕ on V is called semi-basic if, for
each vertical vector v ∈ V(V ), we have ivϕ = 0. In other words, a semi-basic form
is a combination of forms fτ∗α, where f is a function on V . In local coordinates
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(xµ, ea), a semi basic form contains expressions αi1···ik(x, e) dx
i1 · · · dxik only. In
this terminology, d2
T
δ turns out to be semi-basic on V = E ×M F .
One can prove that, in general, if ϕ is a semi-basic form on a fibration τ : V →M ,
then i2
T
ϕ and d2
T
ϕ are semi-basic with respect to the fibration
∧2Tτ : ∧2 TV → ∧2TM .
Proposition 1. The bundles
∧2 T(E ×M F )
/
V
2(E ×M F ) and
(
∧2TE
/
V
2(E)
)
×∧2TM
(
∧2TF
/
V
2(F )
)
(18)
are canonically isomorphic.
Proof. Let
pE : E ×M F → E ,
pF : E ×M F → F ,
(19)
be the canonical projections. We consider the mapping
∧2TpE ×∧2TM ∧
2
TpF : ∧
2
T(E ×M F )→ ∧
2
TE ×∧2TM ∧
2
TF.
Since projections pE and pF are vector bundle morphisms, we have
∧2TpE(V
2(E ×M F )) = V
2(E) ,
∧2TpF (V
2(E ×M F )) = V
2(F ) .
(20)
Moreover, ∧2TpE×∧2TM ∧
2
TpF is a vector bundle morphism of vector bundles over
E×M F . It is obvious that the kernel of this morphism is contained in V
2(E×M F ).
It follows then from (20) that ∧2TpE ×∧2TM ∧
2
TpF projects to an isomorphism of
∧2T(E ×M F )
/
V
2(E ×M F ) and
(
∧2TE
/
V
2(E)
)
×∧2TM
(
∧2TF
/
V
2(F )
)
.
In the following, we denote by ∧¯2TE the quotient bundle ∧2TE
/
V
2(E). The
above proposition implies that d¯
2
T
δ defines a pairing between ∧¯2TE and ∧¯2TF as
bundles over ∧2TM . Such pairing (if not degenerate) can be used to define a vector
bundle structure in the fibration ∧2Tτ : ∧2 TE → ∧2TM . We shall consider two
special cases.
5.1. The special case: F = E∗ ⊗M T
∗M . Let F = E∗ ⊗M T
∗M and let
δE : E ×M (E
∗ ⊗M T
∗M)→ T∗M
: (e, ξ ⊗ α) 7→ 〈ξ, e〉α.
(21)
In local coordinates,
δE = e
afaµ dx
µ
and
d2
T
δE = −e
ayνaν − faνy
νa, (22)
where yνa are coordinates in ∧2TE and yνaµ are coordinates in ∧
2
T(E∗ ⊗M T
∗M).
We see from this formula and Proposition (1) that d2
T
δ projects to a function
d¯
2
T
δE :
(
∧2TE
/
V
2(E)
)
×∧2TM
(
∧2TF
/
V
2(F )
)
→ R.
Hence, each element of u ∈ ∧2TE defines the function
gu : (∧
2
T(π ⊗M πM ))
−1(w)→ R, w = ∧2Tτ(u)
: v 7→ d2
T
δE(u, v).
(23)
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Let u, u′ ∈ ∧2TE be such that ∧2Tτ(u) = ∧2Tτ(u′). It follows from (22) that
gu = gu′ if and only if τ
2
E(u) = τ
2
E(u
′) and u − u′ ∈ V2(E). Moreover, the set
{gu : ∧
2
Tτ(u) = w} is a vector subspace in the vector space of all functions on
(∧2T(π ⊗M πM ))
−1(w). We have proved the following.
Theorem 5.1. There is a canonical vector bundle structure on the fibration
∧2Tτ : ∧2 TE
/
V
2(E)→ ∧2TM.
The coordinates
(xµ, ea, x˙λν , yκb, e˙cd)
on ∧2TE, introduced by the formula (7), induce coordinates
(xµ, ea, x˙λν , yκb) (24)
on ∧¯2TE. The canonical projection
∧2Tτ : ∧¯2TE → ∧2TM
reads in coordinates
∧2Tτ(xµ, ea, x˙λν , yκb) = (xµ, x˙λν) ,
so that (ea, yκb) are linear coordinates and the Euler vector field reads
X¯∧¯2TE = e
a∂ea + y
κb∂yκb .
Since it commutes with the standard Euler vector field
X∧¯2TE = x˙
λν∂x˙λν + y
κb∂yκb ,
the two vector bundle structures on ∧¯2TE are compatible, i.e. form a double
vector bundle. The core of this double vector bundle is canonically isomorphic
to TM ⊗M E.
5.2. The special case: E = TM,F = ∧2T∗M . We denote by ∆2M the mapping
δTM restricted to TM ×M ∧
2
T
∗M :
∆2M : TM ×M ∧
2
T
∗M → T∗M
: (v, α) 7→ iv α,
(25)
where iv α(w) = α(v, w). In local coordinates,
∆2M = pµν x˙
µ dxν
and
d2
T
∆2M = −pµνy
µν − x˙νyµµν = −
1
2
pµν(y
µν − yνµ)− x˙νyµµν . (26)
Thus, the function d2
T
∆2M represents a ‘pairing’ between the fibrations
∧2TτM : ∧
2
TTM → ∧2TM
and
∧2Tπ2M : ∧
2
T ∧2 T∗M → ∧2TM
which projects to an actual pairing of vector bundles
∧¯2TτM : ∧¯
2
TTM → ∧2TM
and
∧¯2Tπ2M : ∧¯
2
T ∧2 T∗M → ∧2TM.
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Since ∆2M is the mapping δTM restricted to TM ×M ∧
2
T
∗M , the pairing d¯
2
T
∆2M is
bilinear with respect to vector bundle structures defined by d¯
2
T
δTM and d¯
2
T
δ∧2T∗M ,
respectively.
6. The mapping ‘kappa’ for bivectors. As it was stressed in the introduction,
a fundamental role in analytical mechanics is played by the canonical isomorphism
of double vector bundles
TTM
TτM
✡✡
✡✡
✡✡
✡✡
✡✡
✡✡
✡✡
✡ τTM
##❋
❋❋
❋❋
❋❋
❋
κM // TTM
τTM
✡✡
✡✡
✡✡
✡✡
✡✡
✡✡
✡✡
✡
TτM
##❋
❋❋
❋❋
❋❋
❋
TM
τM
✡✡
✡✡
✡✡
✡✡
✡✡
✡✡
✡✡
✡
id // TM
τM
✡✡
✡✡
✡✡
✡✡
✡✡
✡✡
✡✡
✡
TM
τM
##●
●●
●●
●●
●●
id // TM
τM
##●
●●
●●
●●
●●
M
id // M
(27)
which encodes the Lie algebroid structure of TM [17, 24].
Let us consider a sequence of mappings
TTM ×τTM TTM
κM×κM // TTM ×TτM TTM
T∧2 // T ∧2 TM .
Since ∧2 is bilinear and skew-symmetric, also T∧2 is bilinear with respect to the
tangent vector bundle structures and skew-symmetric. It follows that the compo-
sition T∧2 ◦(κM × κM ) is bilinear and skew-symmetric and consequently, defines a
mapping
κ2M : ∧
2
TTM −→ T ∧2 TM (28)
which is a vector bundle morphism with respect to the vector bundle structures
over TM (see [23]). It follows from the construction that
1. τ∧2TM ◦ κ
2
M = ∧
2
TτM , i.e. κ
2
M respects the fibrations over ∧
2
TM ,
2. the subbundle V2(TM) is contained in the kernel of κ2M .
The first is an immediate consequence of the fact that κM intertwines projec-
tions τTM and TτM . In order to see that V
2(TM) is contained in the kernel of
κ2M , let us take two vertical vectors w1, w2 ∈ VTM with τTM (w1) = τTM (w2).
The vectors κM (wi) have the properties: τTM (κM (wi)) = 0 and TτM (κM (w1)) =
TτM (κM (w2)). It follows that in a local trivialization of TM , the vector wi can be
represented by a curve in TM of the form t 7→ (x(t), tvi). Consequently, κ
2
M (w1∧w2)
is represented by the curve (x(t), t2v1 ∧ v2), which represents a zero vector. By def-
inition, V2(TM) is spanned by simple bi-vectors, i.e. of the form w1 ∧ w2, where
w1, w2 ∈ VTM . It follows that V
2(TM) is contained in the kernel of κ2M .
In local coordinates,
(xµ, x˙κλ, x′
ν
, x˙′ρσ) ◦ κ2M = (x
µ, x˙κλ, x˙ν , (yρσ − yσρ)) . (29)
Now, we find a coordinate-free description of the kernel of κ2M as a vector bun-
dle morphism over TM . As a tangent bundle of a vector bundle, T ∧2 TM is a
double vector bundle ([29]) and it follows that the zero section of the vector bundle
Tτ∧2M : T∧
2
TM → TM lies in the kernel of the projection τ∧2TM . Since κ
2
M respects
the fibrations over ∧2TM , we have ∧2TτM (u) = 0 ∈ ∧
2
TM for u ∈ kerκ2M . As we
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have already noticed, V2(TM) ⊂ kerκ2M . Thus, the kernel is completely character-
ized by its image in the vector bundle ∧¯2TTM . It is a general fact for a double
vector bundle 15 with the core bundle C that τ−1r (0) is canonically isomorphic to
El ×M C. It follows that
∧¯2TTM ⊃ (τ∧2TM )
−1(0) = TM ×M (TM ⊗M TM) ,
and the canonical projection τ∧2
TM corresponds to the projection on the first compo-
nent. Similarly,
(τ∧2TM )
−1(0) = TM ×M ∧
2
TM ,
and we get the induced mapping
κ2M : TM ×M (TM ⊗M TM)→ TM ×M ∧
2
TM .
It follows from the local formulae that
κ2M : (v, u⊗ w) 7→ (v, u ∧ w)
and that the kernel of κ2M consists of bivectors in V
1(TM), which represent sym-
metric elements in TM ⊗M TM . It is now easy task to verify that κ
2
M induces the
following commutative diagram of maps
∧2TTM
∧2TτM
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞ τ∧2
TM
##●
●●
●●
●●
●●
κ2M // T ∧2 TM
τ∧2TM
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝ Tτ∧2M
$$❍
❍❍
❍❍
❍❍
❍❍
TM
τM
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
id // TM
τM
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
∧2TM
τ∧2M
$$❏
❏❏
❏❏
❏❏
❏❏
❏
id // ∧2TM
τ2M
%%❑
❑❑
❑❑
❑❑
❑❑
❑
M
id // M
, (30)
which projects onto a morphism of double vector bundles:
∧¯2TTM
∧¯2TτM
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞ τ¯∧2
TM
##●
●●
●●
●●
●●
κ¯2M // T ∧2 TM
τ∧2TM
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝ Tτ∧2M
$$❍
❍❍
❍❍
❍❍
❍❍
TM
τM
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
id // TM
τM
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
∧2TM
τ∧2M
$$❏
❏❏
❏❏
❏❏
❏❏
❏
id // ∧2TM
τ2M
%%❑
❑❑
❑❑
❑❑
❑❑
❑
M
id // M
. (31)
6.1. Graded bundle approach. The question of the bundle structures in ∧2TE
can be approached differently following the concept of a graded bundle [22] which
generalizes that of a vector bundle (see also [38, 40]). The role of the Euler vector
field is played by the weight vector field which in homogeneous coordinates is a linear
diagonal vector field with weights being positive integers. An important observation
is that graded bundles of degree 1 are just vector bundles, as weight vector fields
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are Euler vector field. There is also a nice interpretation of graded bundles in terms
of smooth actions of the multiplicative monoid (R, ·) [21, 22].
It is obvious, that τ2E : ∧
2
TE → E is a vector bundle with the Euler vector field
X∧2TE = x˙
µν ∂
∂x˙µν
+ yµa
∂
∂yµa
+ e˙bc
∂
∂e˙bc
. (32)
Another graded bundle structure is given by the weight vector field d2
T
XE which in
coordinates reads
d2
T
XE = e
a ∂
∂ea
+ yµd
∂
∂yµd
+ 2e˙bc
∂
∂e˙bc
, (33)
so that makes ∧2TE into a graded bundle of degree 2. The coordinates (xµ, x˙µν)
are of degree 0, (ea, yµb) are of degree 1, and (e˙ab) are of degree 2. The reduction
to coordinates of degree ≤ 1 gives the vector bundle ∧¯2Tτ : ∧¯2TE → ∧2TM . More
precisely, the canonical inclusions of function algebras
A2 ←֓ A1 ←֓ A0 = C
∞(∧2TM) , (34)
where Ak is the algebra of polynomials in homogeneous functions of degree ≤ k,
induce the sequence of bundle projections
∧2 TE −→ ∧¯2TE −→ ∧2TM, (35)
where the first is an affine, and the second is a vector bundle projection. Elements
od A1 were interpreted in section 5.1 as sections of the quotient bundle ∧¯
2
TE →
∧2TM , since coordinates (24) are clearly those of degree ≤ 1. The first projection
coincides with the canonical projection from ∧2TE to the quotient space ∧¯2TE =
∧2TE/V2E.
Note that the vector field d2
T
XE is the ”bi-tangent” lift of the vector field XE to
the bundle of bivectors. Recall that the tangent (complete) lift of a vector field Y
on a manifold M to the vector field dTY on TM can be defined as
dTY = κM ◦ TX.
In the context of bivectors we can do the same using ∧2T functor and κ2M map.
The vector field d2
T
Y is defined as
d2
T
Y = κ2M ◦ ∧
2
TY.
In coordinates (xµ) in M and (xµ, x˙µν ) in ∧2TM the lift of a vector field Y µ ∂
∂xµ
reads
d2
T
X = Y µ
∂
∂xµ
+
1
2
(
∂Y ν
∂xλ
x˙λκ −
∂Y κ
∂xσ
x˙σν
)
∂
∂x˙νκ
.
Applying the above formula to the Euler vector field XE = e
a ∂
∂ea
of the bundle τ
we get precisely (33). It is easy to check that the vector fields X∧2TE and d
2
T
X
commute, therefore ∧2TE is a double graded bundle
∧2TE
τ∧2E
{{✈✈
✈✈
✈✈
✈✈ ∧2τM
%%❏
❏❏
❏❏
❏❏
❏
E
τ $$❍
❍❍
❍❍
❍❍
❍❍
∧2TM
τ∧2Myyss
ss
ss
ss
s
M
. (36)
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The weight vector fields X∧2TE and d
2
T
X define a bi-gradation in which the coordi-
nates (xµ, ea, x˙µν , yµa, e˙ab) are of the bi-degrees (0, 0), (0, 1), (1, 0),(1,1), and (1, 2),
respectively.
Moreover, since X∧2TE is projectable on ∧¯
2
TE, its projection together with the
projection of d2
T
XE define the double vector bundle structure on ∧¯
2
TE:
∧¯2TE
τ¯∧2E
{{✈✈
✈✈
✈✈
✈✈ ∧¯2τM
%%❏
❏❏
❏❏
❏❏
❏
E
τ $$❍
❍❍
❍❍
❍❍
❍❍
∧2TM
τ∧2Myyss
ss
ss
ss
s
M
. (37)
We just forget the coordinates of degree (1, 2).
Quite similarly, if we start with a graded bundle G of degree 2 with coordinates
(xµ, ya, zw) of degrees, respectively, 0, 1, 2 with respect to the weight vector field
XG = y
a∂ya+2z
w∂zw , then TG is a double graded bundle with respect to the Euler
vector field
XTG = x˙
µ∂x˙µ + y˙
a∂y˙a + z˙
w∂z˙w
and the tangent lift
dTXG = y
a∂ya + 2z
w∂zw + y˙
a∂y˙a + 2z˙
w∂z˙w .
Thus, coordinates (xµ, ya, zw, x˙µ, y˙a, z˙w) are of bi-degrees (0, 0), (0, 1), (0, 2), (1, 0),
(1, 1), and (1, 2), respectively.
Example 3. The coordinates (xµ, x˙ν , x˙κλ, yρσ, zϕσ) on ∧2TTM are, respectively, of
bi-degrees (0, 0), (0, 1), (1, 0), (1, 1), and (1, 2). The coordinates (xµ, x˙κλ, x′ν , x˙′ρϑ)
of T∧2TM are of bi-degrees (0, 0), (0, 1), (1, 0), and (1, 1). Hence, the smooth map
κ2M : ∧
2
TTM → T∧2 TM given in coordinates by (29) respects bi-degrees, so (30)
is a morphism of double graded bundles.
7. The Lagrangian side of the triple. The introduced in Section 5.2 function
d2
T
∆2M : ∧
2
T ∧2 T∗M ×
∧2TM ∧
2
TTM → R
is a degenerate pairing between fibrations
∧2Tπ∧2M : ∧
2
T ∧2 T∗M → ∧2TM
and
∧2TτM : ∧
2
TTM → ∧2TM.
We have also the canonical pairing
〈 , 〉 : T∗ ∧2 TM ×∧2TM T ∧
2
TM → R.
With this pairings we define a relation
α2M : ∧
2
T ∧2 T∗M → T∗ ∧2 TM
which is the dual relation to the converse (called sometimes also: inverse or trans-
pose) of κ2M . More precisely, p ∈ α
2
M (u) if and only if
∀ w ∈ ∧2TTM
[
∧2TτM (w) = π∧2TM (p) ⇒ x〈p, κ
2
M (w)〉 = d
2
T
∆2M (u,w)
]
.
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In local coordinates, with the following representations of p, w, u:
∧2 TTM ∋ w =
1
2
x˙µν
∂
∂xµ
∧
∂
∂xν
+ yµν
∂
∂xµ
∧
∂
∂x˙ν
+
1
2
zµν
∂
∂x˙µ
∧
∂
∂x˙ν
,
T
∗ ∧2 TM ∋ p = pµ dx
µ +
1
2
fµν dx˙
µν , fµν = −fνµ , (38)
∧2T ∧2 T∗M ∋ u =
1
2
x˙µν
∂
∂xµ
∧
∂
∂xν
+
1
2
yµνλ
∂
∂xµ
∧
∂
∂pνλ
+
1
8
p˙µνλκ
∂
∂pµν
∧
∂
∂pλκ
,
we have
∧2TM ∋ τ∧2TM (w) =
1
2
x˙µν
∂
∂xµ
∧
∂
∂xν
, TM ∋ τ∧2M (w) = x˙
ν ∂
∂xν
,
and the equation 〈p, κ2M (w)〉 = d
2
T
∆2M (u,w), in view of (29), reads
pρx˙
ρ +
1
2
(yλκ − yκλ)fλκ = −
1
2
pλκ(y
λκ − yκλ)− yηηρx˙
ρ. (39)
It follows that the relation α2M is given by
pρ = −y
η
ηρ,
fλκ = −pλκ
(40)
and that it can be considered a mapping
α2M : ∧
2
T ∧2 T∗M −→ T∗ ∧2 TM,
which projects to a mapping
α¯2M : ∧¯
2
T ∧2 T∗M −→ T∗ ∧2 TM,
which is a morphism of double vector bundles (but not an isomorphism). In other
words,
(xµ, x˙νσ, pρ, fλκ) ◦ α
2
M = (x
µ, x˙νσ,−yηηρ,−pλκ) , (41)
where (xµ, pλκ, x˙
νσ, yηθρ, p˙γδǫζ) are coordinates on ∧
2
T ∧2 T∗M .
8. The Hamiltonian side of the triple. Let θ2M be the canonical Liouville 2-
form on ∧2T∗M ,
θ2M =
1
2
pµν dx
µ ∧ dxν .
Its exterior differential
ω2M = dθ
2
M =
1
2
dpµν ∧ dx
µ ∧ dxν
defines the canonical multisymplectic structure on ∧2T∗M . The 3-form ω2M can be
represented by a vector bundle morphism
β2M : ∧
2
T ∧2 T∗M → T∗ ∧2 T∗M
: u 7→ iuω
2
M .
(42)
In local coordinates,
(xµ, pλκ, fρ, q
νσ) ◦ β2M = (x
µ, pλκ,−y
η
ηρ, x˙
νσ), (43)
where fρ dx
ρ + 12q
νσ dpνσ is the representation of elements in T
∗ ∧2 T∗M and
(xµ, pλκ, x˙
νσ, yηθρ, p˙γδǫζ) are coordinates on ∧
2
T ∧2 T∗M .
It follows that β2M projects to a double vector bundle morphism
β¯2M : ∧¯
2
T ∧2 T∗M → T∗ ∧2 T∗M .
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Moreover, like in the case of Tulczyjew triples for field theories [15, 19], we conse-
quently view α2M and β
2
M as relations, thus writing (α
2
M )
−1 for the inverse relation
of α2M , we get
(xµ, pλκ, fρ, q
νσ) ◦ β2M ◦ (α
2
M )
−1 = (xµ,−fλκ, pρ, x˙
νσ) ,
i.e.
β2M ◦ (α
2
M )
−1 : T∗ ∧2 TM → T∗ ∧2 T∗M
is the canonical symplectomorphism, a particular case of the general isomorphism
T
∗E ≃ T∗E∗ which holds for an arbitrary vector bundle E (cf. [28, 29]). It
is generated by the canonical pairing between ∧2T∗M and ∧2TM , i.e. by the
function 12pµν x˙
µν . Another consequence of this fact is that the level sets of α2M and
β2M coincide.
9. The Tulczyjew triple. With the use of the mappings β2M and α
2
M , we can
transport canonical structures from T∗∧2TM and T∗∧2T∗M to ∧2T∧2T∗M . On
the other hand, we can lift canonical forms on ∧2T∗M to forms on ∧2T∧2T∗M by
the operator d2
T
.
For the Liouville 2-form
θ2M =
1
2
pµν dx
µ ∧ dxν ,
we get
dθ2M =
1
2
dpµν ∧ dx
µ ∧ dxν ,
i2
T
θ2M =
1
2
pµν x˙
µν ,
i2
T
dθ2M =
1
2
x˙µν dpµν − y
σ
σν dx
ν ,
di2
T
θ2M =
1
2
x˙µν dpµν + pµν dx˙
µν ,
d2
T
θ2M =
1
2
pµν dx˙
µν + yσσν dx
ν .
(44)
Let θ
∧2TM and θ∧2T∗M be the canonical Liouville 1-forms on T
∗ ∧2 TM and T∗ ∧2
T
∗M , respectively. From (40), (43), and (44) we derive
(α2M )
∗θ∧2TM = (α
2
M )
∗(pµ dx
µ +
1
2
fµν dx˙
µν)
= −
1
2
pµν dx˙
µν − yσσν dx
ν
= − d2
T
θ2M
(45)
and
(β2M )
∗θ∧2T∗M = (β
2
M )
∗(fµ dx
µ +
1
2
qµν dpµν)
=
1
2
x˙µν dpµν − y
σ
σν dx
ν
= i2
T
dθ2M = i
2
T
ω2M .
(46)
The above formulae imply immediately the following theorem, perfectly correspond-
ing to analogous facts in the analytical mechanics of point-like objects.
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Theorem 9.1. The mappings α2M and β
2
M have the following property
(α2M )
∗ω∧2TM = d
2
T
ω2M ,
(β2M )
∗ω∧2T∗M = d
2
T
ω2M .
(47)
Proof. We have already proved (11) that d (super)commutes with d2
T
, i.e. dd2
T
=
− d2
T
d. Hence,
d2
T
ω2M = d
2
T
dθ2M = − dd
2
T
θ2M = (α
2
M )
∗ω∧2TM
and
d2
T
ω2M = di
2
T
ω2M = d(β
2
M )
∗θ∧2T∗M = (β
2
M )
∗ω∧2T∗M .
The second equality is a special case of (14). The form d2
T
ω2M is a presymplectic
2-form (it is closed) ([32]). The degeneracy submanifolds of d2
T
ω2M are just level
sets of α2M , β
2
M . Hence, it the pull-back of a presymplectic form on ∧¯
2
T ∧2 T∗M
to ∧2T∧2 T∗M . In this way we have obtained canonical examples of presymplectic
manifolds which are not symplectic.
Combining the maps β2M and α
2
M , we get the following Tulczyjew triple, being
an analogue of the diagram (1):
T
∗ ∧2 T∗M
✍✍
✍
✍
✍
✍
✍
✍
✍
✍
✍
✍
✍
❄
❄❄
❄❄
❄❄
∧2T ∧2 T∗M
α2M //
β2Moo
☞☞
☞☞
☞☞
☞☞
☞☞
☞☞
☞☞
  ❇
❇❇
❇❇
❇❇
T
∗ ∧2 TM
✎✎
✎
✎
✎
✎
✎
✎
✎
✎
✎
✎
✎
❂
❂❂
❂❂
❂
∧2TM
✎✎
✎
✎
✎
✎
✎
✎
✎
✎
✎
✎
✎
∧2TM
✌✌
✌✌
✌✌
✌✌
✌✌
✌✌
✌✌
oo // ∧2TM
✏✏
✏
✏
✏
✏
✏
✏
✏
✏
✏
✏
✏
∧2T∗M
!!❇
❇❇
❇❇
❇❇
∧2T∗M //oo
""❉
❉❉
❉❉
❉❉
∧2T∗M
❅
❅❅
❅❅
❅❅
M M //oo M
. (48)
The above diagram consists of double graded bundle morphisms which simulta-
neously preserve the presymplectic structures. Its reduction to degree 1 gives a
diagram of morphisms of double vector bundles
T
∗ ∧2 T∗M
✍✍
✍
✍
✍
✍
✍
✍
✍
✍
✍
✍
✍
❄
❄❄
❄❄
❄❄
∧¯2T ∧2 T∗M
α¯2M //
β¯2Moo
☞☞
☞☞
☞☞
☞☞
☞☞
☞☞
☞☞
  ❆
❆❆
❆❆
❆❆
T
∗ ∧2 TM
✎✎
✎
✎
✎
✎
✎
✎
✎
✎
✎
✎
✎
❂
❂❂
❂❂
❂
∧2TM
✎✎
✎
✎
✎
✎
✎
✎
✎
✎
✎
✎
✎
∧2TM
✌✌
✌✌
✌✌
✌✌
✌✌
✌✌
✌✌
oo // ∧2TM
✏✏
✏
✏
✏
✏
✏
✏
✏
✏
✏
✏
✏
∧2T∗M
!!❇
❇❇
❇❇
❇❇
∧2T∗M //oo
""❉
❉❉
❉❉
❉❉
∧2T∗M
❅
❅❅
❅❅
❅❅
M M //oo M
.
10. Phase dynamics.
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10.1. Lagrangian dynamics and Euler-Lagrange equations. The way of ob-
taining the implicit phase dynamics D, as a submanifold of ∧2T ∧2 T∗M , from a
Lagrangian L : ∧2TM → R is now standard: we take the lagrangian submanifold
L(L) = (dL)(∧2TM) of the cotangent bundle T∗ ∧2 TM and then its inverse image
D = D(L) = (α2M )
−1(L(L)) under the map α2M :
D 

// ∧2T ∧2 T∗M
α2M //
&&▼▼
▼▼
▼▼
▼
✂✂
✂✂
✂✂
✂✂
✂✂
✂✂
✂
T
∗ ∧2 TM
%%❏
❏❏
❏❏
❏
✆✆
✆✆
✆✆
✆✆
✆✆
✆✆
∧2TM ∧2TM
dLhh
PL
tt✐✐✐✐
✐✐✐✐
✐✐✐
✐✐
∧2T∗M ∧2T∗M
M M
The phase dynamics
D = (α2M )
−1(dL(∧2TM))) ,
read in coordinates
D =
{
(xµ, pλκ, x˙
νσ , yηθρ, p˙γδǫζ) : y
η
ηρ = −
∂L
∂xρ
, pλκ = −
∂L
∂x˙λκ
}
,
so the Lagrange (phase) equations are
∂L
∂xρ
= −yηηρ ,
∂L
∂x˙λκ
= −pλκ .
The map
PL : ∧2TM → ∧2T∗M , (xµ, x˙νσ) 7→
(
xµ,−
∂L
∂x˙νσ
)
is the Legendre map.
A surface S : (t, s) 7→ (xσ(t, s)) in M satisfies the Euler-Lagrange equations if
the image by dL of its prolongation to ∧2TM ,
(t, s) 7→
(
xσ(t, s)), x˙µν =
∂xµ
∂t
∂xν
∂s
−
∂xµ
∂s
∂xν
∂t
)
,
is α2M -related to the prolongation of the surface PL ◦ ∧
2
TS to the phase space. In
coordinates, the Euler-Lagrange equations read
x˙µν =
∂xµ
∂t
∂xν
∂s
−
∂xµ
∂s
∂xν
∂t
, (49)
∂L
∂xσ
=
∂xµ
∂t
∂
∂s
(
∂L
∂x˙µσ
(t, s)
)
−
∂xµ
∂s
∂
∂t
(
∂L
∂x˙µσ
(t, s)
)
. (50)
Remark 3. Let us note at this point that some signs in our approach are the matter
of several conventions. For instance, one can write d2
T
as the commutator i2
T
d− d i2
T
,
opposite to what we have used. Similarly, one sometimes uses the convention in
which the contractions with multivector fields satisfies the condition iX∧Y = iX ◦iY .
Of course, in this case the pairing between ∂xµ ∧∂xν and dx
µ∧dxν gives −1, so one
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gets coordinates in which pµν and y
η
ηρ differ by sign from ours. We get, however,
the Lagrange equations of the form formally closer to the standard one:
∂L
∂xρ
= yηηρ ,
∂L
∂x˙λκ
= pλκ .
10.2. Hamilton equations. Similarly, for a Hamiltonian H : ∧2T∗M → R, we
take the inverse image D = D(H) = (β2M )
−1(L(H)) of the lagrangian submanifold
L(H) = dH(∧2T∗M) of the cotangent bundle T∗ ∧2 T∗M :
T
∗ ∧2 T∗M
%%▲▲
▲▲
▲
✄✄
✄✄
✄✄
✄✄
✄✄
✄
∧2T ∧2 T∗M
&&▼▼
▼▼
▼
  ✁✁
✁✁
✁✁
✁✁
✁✁
✁
β2Moo D_?oo
∧2TM ∧2TM
∧2T∗M
dH
77
∧2T∗M
M M
The phase dynamics
D = (β2M )
−1(dH(∧2T∗M))
read in coordinates
D =
{
(xµ, pλκ, x˙
νσ, yηθρ, p˙γδǫζ) : y
η
ηρ = −
∂H
∂xρ
, x˙νσ =
∂H
∂pνσ
}
,
so the Hamilton equations are
∂H
∂pµν
=
∂xµ
∂t
∂xν
∂s
−
∂xµ
∂s
∂xν
∂t
,
−
∂H
∂xσ
=
∂xµ
∂t
∂pµσ
∂s
−
∂xµ
∂s
∂pµσ
∂t
.
Note that the integrable part of the dynamics D is contained in the set of decom-
posable (simple) bivectors.
This can be extended to the framework of Morse families replacing the single
Hamiltonian. Let p : B → N be a submersion of a differentiable manifold B onto
a differentiable manifold N . Recall that a differentiable function H : B → R is
called a Morse family if the image L(H) = dH(B) ⊂ T∗B of the differential of
H is transversal to the conormal bundle V = (kerTp)0 ⊂ T∗B. Note that in this
situation there is a canonical vector bundle morphism p∗ : V → T∗N which maps
V ∩ dH(B) onto a lagrangian submanifold D(H) of (T∗M,ωN ) which is said to be
generated by the Morse family H .
11. An example. In the dynamics of strings, the manifold of infinitesimal con-
figurations is ∧2TM , where M is the space time with the Lorentz metric g. This
metric induces a scalar product h in fibers of ∧2TM : for
w =
1
2
x˙µν
∂
∂xµ
∧
∂
∂xν
, u =
1
2
x˙′µν
∂
∂xµ
∧
∂
∂xν
we have
(u|w) = hµνκλx˙
µν x˙′κλ, (51)
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where
hµνκλ =
1
2
(gµκgνλ − gµλgνκ) .
The Lagrangian is a function of the volume with respect to this metric, the so
called Nambu-Goto Lagrangian [33, Chapter 2.2] (cf. also [39, Example 4.2]),
L(w) =
√
(w|w) =
√
hµνκλx˙µν x˙κλ , (52)
which is defined on the open submanifold of positive bivectors.
The dynamics
D ⊂ ∧2T ∧2 T∗M
is the inverse image by α2M of the image of dL and it is described by equations
yααν = −
1
2ρ
∂hµκλσ
∂xν
x˙µκx˙λσ ,
pµν = −
1
ρ
hµνλκx˙
λκ ,
(53)
where
ρ =
√
hµνλκx˙µν x˙λκ
is the pull-back of our Lagrangian. The dynamics D is also the inverse image by
β2M of the lagrangian submanifold in T
∗ ∧2 T∗M , generated by the Morse family
H : ∧2 T∗M × R+ → R
: (p, r) 7→ r(
√
(p|p)− 1)
(54)
In the case of minimal surface, i.e. the Plateau problem, (see e.g. [6]), we replace
the Lorentz metric by a positively defined one.
In particular, ifM = R3 = {(x1 = x, x2 = y, x3 = z)} with the Euclidean metric,
the Lagrangian reads
L(xµ, x˙κλ) =
√√√√ 3∑
κ,λ=1
(x˙κλ)
2
and we obtain the Lagrange (phase) equations
yααν = 0 ,
pµν = −
1
ρ
δκµ δλν x˙
κλ .
The Euler-Lagrange equations (49)-(50), applied for surfaces being graphs (x, y) 7→
(x, y, z(x, y)), in this case read
x˙12 = 1 , x˙13 =
∂z
∂y
= zy , x˙
23 = −
∂z
∂x
= −zx , (55)
(Ek) :
∂
∂y
(
x˙1k
ρ
)
+ zx
∂
∂y
(
x˙3k
ρ
)
−
∂
∂x
(
x˙2k
ρ
)
− zy
∂
∂x
(
x˙3k
ρ
)
= 0 , k = 1, 2, 3 .
In view of (55), the equation (E3) can be rewritten as
∂
∂y
(
zy
ρ
)
+
∂
∂x
(
zx
ρ
)
= 0 . (56)
But (55) and (56) imply the rest. Indeed, (E1) can be rewritten as
−zx
∂
∂y
(
zy
ρ
)
+
∂
∂x
(
1
ρ
)
+ zy
∂
∂x
(
zy
ρ
)
= 0 .
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With the presence of (56), this is equivalent to
zx
∂
∂x
(
zx
ρ
)
+
∂
∂x
(
1
ρ
)
+ zy
∂
∂x
(
zy
ρ
)
= 0
and further to
∂
∂x
(
z2x + 1 + z
2
y
ρ
)
−
zxzxx + zyzxy
ρ
= 0 .
But the latter is tautological, as the first summand is
∂ρ
∂x
=
∂
∂x
(√
z2x + 1 + z
2
y
)
=
zxzxx + zyzxy
ρ
.
The equation (E2) follows in a similar way. Thus, we have finished with (56) which
is the well-known equation for minimal surfaces, known already to Lagrange:
∂
∂x

 zx√
1 + z2x + z
2
y

+ ∂
∂y

 zy√
1 + z2x + z
2
y

 = 0 .
In another form:
(1 + z2x)zyy − 2zxzyzxy + (1 + z
2
y)zxx = 0 .
12. Generalization. The diagram (48) has a straightforward generalization for all
integer n ≥ 1 replacing 2:
T
∗ ∧n T∗M
✌✌
✌✌
✌✌
✌✌
✌✌
✌✌
✌
  ❆
❆❆
❆❆
❆❆
∧nT ∧n T∗M
αnM //
βnMoo
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
!!❈
❈❈
❈❈
❈❈
T
∗ ∧n TM
✍✍
✍✍
✍✍
✍
✍✍
✍✍
✍✍
❃
❃❃
❃❃
❃❃
∧nTM
✍✍
✍
✍
✍
✍
✍
✍
✍
✍
✍
✍
✍
∧nTM
✌✌
✌✌
✌✌
✌✌
✌✌
✌✌
✌✌
oo // ∧nTM
✎✎
✎
✎
✎
✎
✎
✎
✎
✎
✎
✎
✎
∧nT∗M
!!❈
❈❈
❈❈
❈❈
∧nT∗M //oo
""❊
❊❊
❊❊
❊❊
❊ ∧
n
T
∗M
  ❆
❆❆
❆❆
❆❆
M M //oo M
. (57)
The map βnM comes from the canonical multisymplectic (n+1)-form ω
n
M on ∧
n
T
∗M ,
being the differential of the canonical Liouville n-form θnM :
βnM : ∧
n
T ∧n T∗M → T∗ ∧n T∗M
: u 7→ iuω
n
M .
(58)
In the standard local coordinates,
θnM =
1
n!
pµ1···µn dx
µ1 ∧ · · · ∧ dxµn ,
and
ωnM = dθ
n
M =
1
n!
dpµ1···µn ∧ dx
µ1 ∧ · · · ∧ dxµn .
The map αnM is just the composition of β
n
M with the canonical isomorphism of
double vector bundles T∗ ∧n T∗M and T∗ ∧n TM , but it can be obtained as the
dual of the converse of the generalized ‘kappa’ [23]:
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∧nTTM
∧nTτM
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝ τ
∧n
TM
##❍
❍❍
❍❍
❍❍
❍❍
κnM // T ∧n TM
τ∧nTM
✆✆
✆✆
✆✆
✆✆
✆✆
✆✆
✆✆
✆✆ Tτ∧nM
$$■
■■
■■
■■
■■
TM
τM
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠
id // TM
τM
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
∧nTM
τ∧nM
%%❏
❏❏
❏❏
❏❏
❏❏
❏
id // ∧nTM
τnM
%%❑
❑❑
❑❑
❑❑
❑❑
❑
M
id //M
. (59)
The duality between ∧nT ∧n T∗M and ∧nTTM is represented by the function
dn
T
∆nM , where
∆nM : TM ×M ∧
n
T
∗M → ∧n−1T∗M
: (v, α) 7→ iv α ,
(60)
dn
T
= [d, in
T
], and
in
T
: Φp(πM )→ Φ
p−n(π∧nTM ) ,
in
T
ϕ(v1, v2, v3, . . . , vp−n) = ϕ(u,Tτ
∧n
M (v1), . . . ,Tτ
∧n
M (vp−n)) ,
for vi ∈ Tu ∧
n
TM , u ∈ ∧nTM .
The generation of dynamics from a Lagrangian or Hamiltonian is standard and
the corresponding dynamics contain, as a particular example, minimal submanifolds
(of dimension n) of M (cf. [49]).
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